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The study of epidemics has a long history, but the approximation through
quantitative models in the form of dynamical systems had a seminal contribution
with the works of Kermack and McKendric between 1927 and 1933 1 . These
constitute the basis of what is known today as SIR models, for treating the
epidemic as a co-evolution between three populations: one susceptible (S), one
infectious (I) and one recovered (or immune, R). As suggested by its name, the
S population is made up of individuals without immunity to the infectious agent,
and therefore can be infected if exposed to an infectious subject. Population I is
made up of individuals who are infected at any given time and can transmit the
infection to individuals in the susceptible population with whom they come into
contact. Finally, the R population is made up of individuals who are immune
to infection, and consequently do not affect transmission when in contact with
other individuals.
In the simple model that we will describe here, these three populations add
up to a constant number of individuals (N ), that is, there are no births, migrations or deaths among the population. This model also assumes that all
individuals interact with everyone (i.e. spatial effects are not included), and
that the number of individuals in each population is large enough to describe
their sizes using real numbers (instead of integers). As any good dynamical
model, the aim is to describe how the system evolves by modeling the rate of
variation of the variables that we consider pertinent. Importantly, SIR is a
phenomenological model, not derivable from first principles.
In order to formulate this model, it is assumed that the rate of variation of
the population of susceptible individuals will be proportional to the number of
1 W. O. Kermack and A.G McKendrick, “A Contribution to the Mathematical Theory of
Epidemics”, Proceedings of the Royal Society A. 115, 700–721 (1927); H. Hethcote, “The
Mathematics of Infectious Diseases”, SIAM Review 42, 599 (2000)
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possible interactions between susceptible and infectious subjects, and therefore
to the product of the sizes of those populations (∼ SI). This is the origin of
the non-linearity in the model. For those readers who are more familiar with
physics, this is typically the way particle-particle or field-particle –for instance
light and matter– interactions can be modeled in a very simple, “classical” way,
and yet it has led to very successful –though minimalistic– descriptions of the
laser physics called rate equations. We will get through this analogy by the end
of this text2 .
But let us come back to the SIR model. The proportionality factor will be a
function of how many of the possible interactions actually occur (on average),
and how likely it is that, if such an encounter takes place a contagion will
occur. It is possible to act on the first element during an epidemic (for example,
ordering quarantines). The second element concerns some characteristics of the
infectious agent (for example, the lifetime of a virus outside a body), as well
as some cultural factors that can also be operated on, such as the nature of
the interaction between individuals, that may affect the probability that the
infectious factor reaches an individual (for instance shaking hands or kissing).
In Argentina people enjoy meeting in group drinking “mate”, a kind of tea
served with a metal straw in a shared hollow calabash gourd: since the early
stage of the COVID 19 epidemic, it was recommended that each one used its
own mate!
The interaction between infectious and susceptible individuals gives rise to
a negative variation rate of the susceptible ones, that is:
dS
= −rSI
(1)
dt
On the other hand, the infectious population varies because, when a contagion
occurs, a certain fraction of those susceptible become infectious individuals, and
also because after a certain time, a fraction of those infectious ones recovers,
that is:
dI
= rSI − aI
(2)
dt
Finally, as the infectious individuals who recover will join the ranks of that third
population, the recovered one, we write:
dR
= aI.
dt

(3)

2 N. of the T.: the author of this text, Gabriel Mindlin, had to cancel his lectures on
Nonlinear Dynamics at the University of Buenos Aires because of the Coronavirus SARSCoV-2 provoking the COVID 19 epidemics. He and his teaching assistants came up with
a very nice idea to catch the attention of (undergraduate and graduate) students: to show
them that nonlinear dynamics can be useful for understanding the reality we live today.
As we are today facing a tremendous information flow about the COVID 19 infection, as
scientists –but not necessarily!–, we sometimes feel like finding some elements of description
beyond the qualitative arguments. Even if all this has to be taken very carefully, in the sense
that, very often, the simplicity of the models wrongly oversimplifies reality, it is nevertheless
worthwhile to learn that quantifying very complex phenomena as the propagation of diseases
is not incompatible with very simple dynamical rules. And I found it interesting as well to
make the analogy with laser physics, a section that I will append to Gabriel’s notes.
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Simple and caricatured epidemiological models should be seen as a source
of training in qualitative thinking of a dynamical system: great care must
be taken before taking health actions based on them. Clarified this
point, note that this system was designed to take into account that the total
population remains constant, which is a hypothesis of the model:
N = S + I + R,

dN
= −rSI + (rSI − aI) + aI = 0
dt

(4)

The first thing to think about when facing a nonlinear dynamical system
is whether all the parameters that arise from a sequence of phenomenological
reasoning are “essential” from the point of view of dynamics. In other words, is
it possible to re-scale the variables in such a way to get rid of some parameter?.
With this in mind, let us re-scale the time, t = γτ ; indeed, choosing γ = 1/a, a
no longer appears in the equations explicitly, so we get:
SI
dS
=−
dτ
ρ

(5)

dI
SI
=
−I
dτ
ρ

(6)

dR
= I,
(7)
dτ
where ρ = a/r. All the relevant dynamics will be driven by the parameter ρ.
With this re-scaling, we have chosen the time scale as the inverse of a, which
is nothing but the characteristic time in which an infected population would
significantly decay in the absence of susceptibles (look at the second equation,
making S = 0).
The set of ordinary differential equations that describe the dynamics of the
problem must be accompanied by initial conditions which, together with the
equations, will uniquely determine the solutions to the problem (a property
known as determinism):
S(t = 0) = S0 , I(t = 0) = I0 , R(t = 0) = 0

(8)

With the latter initial condition we are saying that we are dealing with a population without any type of immunity, strategy or vaccination history. A first
question we ask ourselves is what happens if a certain number of infected subjects are put in contact with a susceptible population. For example, in the case
that about twenty people arrive in Buenos Aires from a country in which a virus
circulated, we wonder if that number will decline (patients will recover until no
more infectious individuals exist, accidentally spreading to a few, who will also
recover subsequently), or if a chain effect is triggered whereby the infectious
population grows over time, at least temporarily (effect known as “epidemic”).
Would the result depend on one or the other? And if we were in the second
case, what stops the epidemic? Is it the absence of susceptibles, because they all
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got infected, the only way an epidemic ends? And if not, how many people get
infected, and how does this number depend on the parameters of the problem?
Let us start with the key question: given the arrival of an infectious population at t = 0, I0 , will the number of infected people increase or decrease?.
Since there are susceptible individuals, it is clear that the result will depend on
which effect wins in determining the rate of the infectious population: either
the increase in the rank of infectious population by contagions, or the loss of
infectious population by recovery. Going to the second equation of the problem,
we immediately see that:


S0
dI
> 0 if S0 > ρ
= I0
−1
(9)
< 0 if S0 < ρ
dτ t=0
ρ
Notice that since dS/dt ≤ 0, S ≤ S0 . Therefore, if the initial susceptible
population is small enough, S0 < ρ, then


dI
S
=I
− 1 ≤ 0 for all t ≥ 0
(10)
dτ
ρ
such that I0 > I(t) → 0 for t → ∞. In this case, the epidemic does not occur.
The behavior of introducing an infected population consists of decaying out the
perturbation.
On the other hand, if the initial S0 population is large enough, S0 > ρ,
then I(t) will increase in a first stage, i.e. I(t) > I0 for a given t. This is
what we call epidemics. Interestingly, the condition for the initial increase
or decrease of the perturbation (I0 ) does not depend on the perturbation itself,
but rather on the number of susceptible individuals (together with the rate
of contagion, r, of course). The existence of a parameter value that indicates
the existence of two qualitatively different behaviors for the flow in the phase
space is known as the threshold. The existence of thresholds is a recurring
feature in nonlinear systems: in the last paragraph we will discuss the example
of the laser. Note that the threshold parameter indicates the winner of the
competition between the two phenomena that determine the temporal variation
of the infectious individuals: how easy it is to change sides (r) after an encounter
between infectious and susceptible subjects, and how fast it is the transition from
infectious to recovered individuals (a).
In Figure 1 we show simulations of this dynamical system for two values of
the parameter r. For small values, the curve of the number of infectious individuals as a function of time is smoother and wider than for large values. This
phenomenon, largely discussed over the media these days, is known as the “flattening of the curve”. The maximum is lower, it occurs later, but fundamentally,
as long as the maximum of the curve is such that the health system
can cope with the increase of patient flow, the epidemic has more
attenuated social effects even though the number of total infectious
persons is comparable in the end. Within the framework of this model, we
can calculate some things relatively easily. For example, what is the maximum
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Figure 1: Numerical solutions of the SIR model. Susceptible (red) and infectious (black) populations, for two values of r, the parameter that accounts for
the probability of contagion: r = 0.005 (left) and r = 0.01 (right). Over a total
population of 910 individuals, only I0 = 10 are infectious at t = 0. Notice how
the the small r flattens the curve (left). If the maximum is small, the health
system can absorb the crisis, even though the number of total infected people
does not differ too much from the high peak crisis (right)
number of infectious people we will have? From the dynamical equations we
can see that, as far as I 6= 0, we have:


I Sρ − 1 ρ
dI
ρ
=−
= −1 +
(11)
dS
SI
S
Hence:
I − I0 = −S + S0 + ρ ln

S
S0

(12)

The curves I(S) for a given set of initial conditions (S0 , I0 ) are the so-called
trajectories in the phase space. Now, we are interested, in particular, in knowing
the maximum of infected people. Since this maximum occurs for S = ρ, we get:
Imax = N − ρ + ρ ln

ρ
S0

(13)

Let us look at certain special sets in the phase space. First, note that
the problem can be described in terms of a two-dimensional space (S, I), since
the population of recovered individuals is obtained by integrating the variable
I in time. Therefore, the R-population at time t gives the total amount of
individuals that have been infected since te beginning of the epidemics, even
those who are no longer infectious at time t and became immune. Axis I of our
two-dimensional space is defined by S = 0. We have only infected individuals,
and the dynamics is simply the decay of the initial infected population (which,
on that axis, will be the total population... not just a perturbation!). It is an
invariant axis: every initial condition in this sub-space remains in the sub-space.
There is a second axis, the one defined by the condition I = 0. But at I = 0
5
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Figure 2: Phase space of the SIR model. It depicts a set of trajectories obtained
by integrating different initial conditions on the line N = S0 + I0 , keeping
constant N. That is, we choose a point on the black line, and integrating gives
rise to the red line trajectory that evolves, from right to left, and ends on the
I = 0 axis, at some small S(∞). Five of these initial conditions in the figure
correspond to S0 > a/r, and therefore infections initially grow. The dotted line
corresponds to S = a/r . One of the paths has S0 < a/r, for which the number
of infectious individuals decreases all the time (there is no epidemic).
there is not much interesting dynamics going on: the susceptible population
does not change in time because no one can infect them. It is a sub-space of
fixed points, and also an invariant set. Note that outside that axis, I 6= 0,
dS/dt < 0, therefore the flow of trajectories is always directed to the left, and
when the line S = ρ is crossed from right to the left, the infectious population
starts to decrease towards the x-axis (or the S-axis) of the phase space. But
towards which value does the population of susceptible individuals tend? To
zero? When does the epidemic end?
In order to answer this let us remark that
dS
S
=− ,
dR
ρ
hence

R

(14)
N

S = S0 e− ρ > S0 e− ρ > 0,

(15)

which leads to a simple yet very interesting result: S(t → ∞) is not zero but
some finite value, namely
0 < S(t → ∞) ≤ N

(16)

and therefore, the asymptotic behavior reads
I(t → ∞) = 0, S(t → ∞) > 0
6

(17)

which means that the epidemics dies out –i.e. no more contagions, I = 0–
because of the disparition of infectious rather than the exhaustion of
susceptible individuals.
Now, if we are interested in knowing how many infected people we have, we
can compute this in a simple way (in the framework of this simple model!), just
by taking into account that the total infected people is
Itotal = R(∞) = N − S(∞) = I0 + S0 − S(∞),
and since S(t) = S0 e−

R(t)
ρ

(18)

we finally get



Itotal
Itotal = I0 + S0 1 − e− ρ

(19)

which is a trascendental equation for Itotal . A couple of limits can be checked.
For a very large contagion probability, ρ → 0, we obtain Itotal = N : this is
of course the worst scenario. On the other hand, in the limit of very small
contagion
probability,
ρ → ∞, wesencillo.
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Figure 3: The number of deaths during the Bombay epidemic of 1905 are used
Figura 3. Se aproximan las muertes por dR/dt, se compara el ajuste con datos
toreales.
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namely between two populations of physical entities: one is constituted by phoevolución
de agentes, poblaciones, tiempos de retraso, y fundamentalmente,
3
tons inside a “cavity”, whose number is I, and another one by N “excited
efectos espaciales de todo tipo. En la actualidad, la conectividad global es un efecto
3 A photon is a quantum of energy hν of an electromagnetic field with frequency ν.
que
se incorpora en las simulaciones numéricas, con el fin de estudiar justamente
los cambios que se esperan en la dinámica al introducir efectos de movilidad ralos
pero de escalas muy cortas. Otra línea de investigación activa en el campo consiste
7
en estudiar la formulación estocástica (en lugar de la descripción en términos de
ecuaciones diferenciales ordinarias), lo cual puede ser clave para estudiar
comienzos y finales de las epidemias.

atoms”. By excited atom we refer to atoms whose quantum state is not the
fundamental one, characterized by an energy E1 , but some higher energy level
E2 . A most important type of interactions between these two populations is
the so-called stimulated emission of radiation, at the heart of laser opoeration.
If a photon of energy hν encounters an excited atom such that the difference of
energy between the two levels is E2 −E1 = hν, then there is significant probability that the atom jumps down to the ground state by emitting a new photon of
energy hν, which is somehow a “copy” of the incoming one. If the parameters
are properly chosen, this effect can take place as a cascade: the first photon
hits an atom giving two photons, each one of those hits two other atoms generating further photons, and so on and so forth. When such a process exceeds
the photon loss in the cavity, the cavity is massively populated with photons:
we say that the system operates above laser threshold. In these conditions the
cavity behaves as a self-sustained oscillator that produces a light beam with a
number of very nice properties –such as a high temporal and spatial coherence–
which makes this system very useful for a plethora of applications, from real-life
applications to advanced medical and scientific instruments, among others.
A most celebrated model accounting for the laser emission is the so-called
rate equation model. Within this model, the dynamical processes taken into
account are the following: since the cavity is imperfect, there is a loss of photons
at rate 2κ; the rate of stimulated photon emission in the cavity is βγk per atom;
finally, an atomic population also decays in the absence of a photon population,
a process called spontaneous emission at rate γk . We have to keep in mind that
one photon created means one excited atom “destroyed”, therefore:
dN
= −γk N − βγk IN
dt

(20)

dI
= −2κI + βγk IN
(21)
dt
At this point it is important to notice that there is no continuous source of energy
in the rate equations we have just written: we have intentionally removed the
pumping which is commonly present in a laser model as a constant term in
the dN/dt-equation. This is because, in our framework, the pump, i.e. the
number of excited atomes that are externally injected in the laser medium per
unit time, will be performed with a short pulse arriving at t = 0, instead of
being continuously fed into the cavity. Details aside, the pump is thus modeled
by an initial condition in the atomic population, N (t = 0) = N0 . The other
initial condition, I(t = 0) = I0 , can be physically interpreted as the number
of photons initially present in the cavity before the stimulated emission takes
place. Typically, this comes from the fraction of spontaneously emitted photons
into the laser mode, I0 ∼ βN0 .
Now, identifying I ↔ I and N ↔ S of the SIR model, we see that both
models are pretty much the same, except for the linear decay rate of N which
has no counterpart for S in the SIR model. Defining Nth = 2κ/βγk , we see
that Nth plays the role of ρ in SIR: amplification, i.e. dI/dt > 0 can take place

8

provided N > Nth (S > ρ in SIR). Otherwise, an initial photon population
dies out, dI/dt < 0. This parameter Nth is nothing but the laser threshold: if
N = Nth then the atomic gain is exactly compensated by optical losses.
Let us perform some changes of variables to absorb as many parameters
as possible whose precise value is irrelevant for qualitatively determining the
dynamical evolution. Re-scaling the time to 2κt → t, the atomic population
e = N/Nth , and the intensity as Ie = βI,
–also called population inversion– as N
where we have defined γ ≡ γk /2κ, the model now reads
e
dN
e + IeN
e)
= −γ(N
dt

(22)

dIe
e
= −Ie + IeN
(23)
dt
The re-scaling of Eqs. 22 and 22 allows us to reduce the 3-parameter space to
only 1 relevant parameter, γ, in the sense that different values of γ will produce
qualitatively different regimes; notice that γ quantifies the time scale difference
between N and I.
As an important result, if the pump pulse arriving at t = 0 is strong enough
e0 > 1 (N0 > Nth ), then net amplification inside the cavity takes place in
to set N
the early stage of the time evolution. In Figure 4 we show numerical simulations
of the rate equation model for two pulsed pump values, both above threshold
(N0 > Nth ): in the left panel the pump is twice the laser threshold, and the
intensity pulse which develops inside the cavity is broad and small, which can be
compared to Fig. 1 (left); in the right panel, N0 is 5 times the laser threshold,
showing a hight output intensity peak arriving earlier, which can be compared
to the rapid growth of the infectious population in Fig. 1 (right).
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Figure 4:
Numerical solutions of the laser rate equation model (Eqs. 22
and 23). The population of excited atoms (red) and the intracavity photon
number (black), for two values of the pulsed pump N0 : N0 = 2000 (left) and
N0 = 5000 (right). Other parameters are β = 0.1, γ = 0.01 and Ie0 = 0.2. The
laser threshold in this case is Nth = (βγ)−1 = 1000, therefore the left panel
corresponds to an initial atomic population of twice the threshold, whereas the
right panel corresponds to five times the threshold. Note the similarities with
the epidemic peak in the SIR model (Fig. 1).
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